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The regions of impossibility of motions are defined for three bodies, 
alongside with t'le conditions for their existence and their fundamental pro- 
perties, for tilt case, when the modulus of the moment vector of system's 
quantity motion, which is constant, is not zero. 

* 
* * 

1. We shall consider the motion of three bodies P i ,  P2, P3 with masses 
ml, T ,  m3, attracting one another according to Newton law in the barycentric 
system of coordinates [l] Oxyz, so oriented that the direction of the axis Oz 
coincide with the direction of the moment vector of system's quantity of motion, 
which, as is well h o r n ,  is a constant quantity. We shall consider the systems, 
in which the modulus of this vector C f 0. In such systems the triple collision 
of bodies according to the Sundman theorem is impossible [ Z ]  . 

The energy integral has the form T = U + H, where T is the kinetic energy 
of the system; 
the gravitational constant,ri- is the distance between Pi and P j ) ;  h is tKe 
energy constant. 
of the variety of possible motions) the case h < 0, for which it is practical 
to introduce the constant h' = -h > 0. 
ly obtained that the total decomposition of the system is impossible, since 

U = f ( t ~ ~ ~ ~ i 2 r 1 2 - '  + mint~r1~- .*  -i- n 2 m . m - ' )  is a force function (f is 

From the qualitative point of view, most difficult is (because 

From the integral T = U  -h' it is easi- 

The regions of impossibility of motion for each of the three bodies, the 
conditions of their existence and their main properties are found in the present 
paper for the case C + 0, h < 0 (h' > 0). 

(*) V OBLASTYAKH NEVOZMOZNOSTI DVIZHENIY V ZADACHE TREKH TEL 

\ 
\ 



2 .  

2. We shall rest on the inequality, linking the moment of inertia I, 
of a system of fi bodies with masses mi relative to a certain axis o', 5 

n 

( I ;  = ?El (q +- 11;) 
kl 

in the rectangular system of coordinates OZri3, the kinetic energy Tr; of sys- 
tem's motion in the projection on a plane perpendicular to the axis 06 

n 

and the moment of system's Lg quantity of motion relative to the axis 05 
n 

We shall bring forth the scheme of the demonstration of (2). Let us 
effect the substitution of variables 's = t'cos wt - $sin ut, q = :'sin ot + $COS ot, 
r ; = c ' ,  where w i.; an arbitrary but constant angular velocity of system's Oz'q'c' 
rotation around the axis 0;' = 05. Let us express I:, L; and T5 by new variables. 
After that it 1111 be found that 

n 
1 

i=l 
T,: = ni, (51' + ,i12> +- m ~ ~ - -  1/20)?~: > 0 ) ~ : -  ' j 2 w ? ~ = .  

Therefore, I ; d  - 2L;o + 2T; 2 0 for any w .  At I< = 0, Lg = 0 also, and 
therefore (2) is fulfilled. 
the inequality for the trinomial of the second degree it may be seen that it 
cannot have different real roots, i. e . ,  its discriminant is nonpositive, 
which precisely leads to (2). 

This is why we may consider that IC > 0. From 

Since T 2 T;,  ILT 2 l/zL:2. Hence, applicably to the problem of three bodies, 
it follows that 

provided the axis 05 constitutes with the plane cky the angle 0. By virtue of 
the choice of the system of coordinates, the plane Oxy is called Laplacian [l]. 

It is easy to derive from (3) that the location of the three bodies on a 
single straight line and 
in the case of this line's belonging to the Laplacian plane. 

in particular, the double collision, are possible only 

3 .  Let us now pass to the fundamental aim of the present paper. 
denote the numbers 1, 2, 3 ,  taken in arbitrary but fixed order, by indices 
i ,  j , k. We shall call the body Pi as remote (and the bodies Pj  and & as 
close (short-range)) , provided rij 2 r2k, r l k  (in particular cases two or each 

We shall 

of the three bodies may be remote (long-range)). .- 
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In this section we shall find the limitation to the spatial motion of 
the body Pi in the assumption that it is remote. After that it will not be 
difficult to consider the cases when Pi is close with either P- or pk. The 
region of impossibility of motion of the body Pi, common for t e three cases, 
will be the unconditional region of impossibility of motion of the body Pi. 
Since the index imay assume any of the values 1, 2, 3 ,  we shall find these 
regions for each of these bodies. 

Thus , assume that Pi is a remote body. Then rjp S 6. where 6 is given by (1). 
Let us denote OPi by ri, and the angle between OPi and the plane Oxy by $i. 
We shall apply ( 3 )  to the axis OPi, considering that +i f 0 (at Oi = 0 we will 
not obtain the limitation on ri). The mass center o(j)c, of the bodies Pj and & 
is on the straight line OPi in the opposite direction from the body P- at a 
distance from it equal t o  Pi =rnri/(T + q) , where 
system. 

is the mass of tke whole 
The distances of Pj from o( jk )  and of Pk from O(jk) are equal: 

r,(jAj L- r&,r,jfi/(nLj -1- m,,) < mi,6/(1?Zj + nlk),  h( ,W = :?2,rj)c/ (V2 j  -1- ?no.) -< frZjb/  (1n.i - - t - m Z k ) .  

It is evident that 
"ij 2 pi -rjiilr) 2 ( f l r r i  I l l ~ C ~ ) ; ( I ) 2 j  -4- ~ ~ ~ h ) ,  Ti& 2 p i  - r k f .  J k )  2 (mri - ntjs)/(mj 4- mk). 

'The right-hand parts of these estimates are positive for ri > Ai, where 
Ai = 6 max (n: ink)/ m. These are the only values of ri we shall consider 
(the opposite- inequality ri 6 Ai already constitutes a limitation on ri). 
For @i f 0 the bodies cannot lie on the same straight line. 
plane OPiP-P, a straight line perpendicular to o(jk)OPi, and passing through 
the point h ( j k i .  We shall denote by L the projection of the segment Pjpk on 
this straight ine, so that rj4 2 l j k  >hk The moment of inertia of the system 
relative to the axis OPi is li = injrn,iljl,2/(mj + m k ) .  

obtain the estimate 

Let us draw in the 

For the force function we 

u zz j ( j 7 ~ , ~ 1 2 , , ~ ~ ~ - - 1  -f ~ ~ ~ T ~ ~ ~ j ~ i j - l  + ~ n ~ ? r ~ ~ , r i k - ~ )  < !{7njmkljk-' -1- ' n i (nzJ  $- '"") 

x lmj/ (mr i  - -  iji ,tb) 4- ink/ jmri - ?njb)l l -  

As a result, from ( 3 )  we shall obtain 

(4 1 
Let us denote F , ( r , )  = ) f ~ ~ / ( f n r ,  - !nkd) -l- j n h / ( 1 7 z r 1  - 1 n ~ d ) .  As ri varies from 

.Ai to + ~ 0 ,  F i  decreases monotonically from + m t o  zero. For this reason there 
is only a unique vnlw .-4,', Ai < Ai' < f~ . such that Fi (Ai') = h'/fmi(mj + mk). 
We shall consider onl). 1-i > Ai'. Then the previous condition ri > Ai is ful- 
filled automatically and the coefficient at fjk2 in (4) is positive. Because 
of the inequality ( 4 ) ,  the trinomial of the second degree has two different 
real roots, i .  e., a positive discriminant. 
Fi(ri) > Qi(sin+i) sought for, where Qi(u) = [h' - f2mj3mk3/ 2(mj + mk) C2u*]/ 
/ ii7licmj + mk) . 
from - 
through zero at Iqi I = vi. = arcsin fmjnik[nr,mk ! 2(nii + nzk) /&';;?I lil. 0 < vi* < x/z. 

This leads to the inequality 

AS 
to Qi(l) < Fi(Ai'). 

($IIvaries from o to V/Z, oi (sin@i) monotonically increases 
If h'C2 > f2mi%lk3/ 2(mj + mk), @i(sin+i) will pass 
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It is clear that for 0 c I$il < $i* no limitation will be put on ri. 
For vL* <lTil < ~ / 2 ,  therc will appear, to the contrary, a limitation above by 
ri: ri < R i  (4i) for ri > /ti', Tio < lq l l  < n/2. It follows from the properties 
of Fi(ri) and @i(sin$i) that as 144 varies from $i* to n/2, 
monotonically from +co to I$ (n /2) .  
Consequently, in the result obtained by us 

Ri(+i) decreases 
Since . ~ ~ ( ~ l ~ ' )  3 (I)~(I), fli(n/8) >-,lit. 

ra < .&(Ti), Ti' < < x;2, (5) 

the condition ri > Ai1 may be removed (from ri \< A i l  (5) follows all the more). 

ri > Ai from Fi(ri) > Oi(sin$i) follows the inequality: 
It remains to reduce the explicit expression (5). Under the condition 

The trinomial of the second degree (6) has two unequal positive roots: 
and K i ( + i ) ,  with Ri < Ri, The solution of inequality (6) has the form 

R!(O~) 

- 
R i  < ri < R i a  

It follows from the properties of Fi(ri) that % < + at all times. This is why 

+ < ri < €$, 

for, (6) has been derived in the assumption that ri > Ai. 
card it. Thus, (5) is valid, where 

But now we may dis- 

For the factual construction of the boundary of (5) it is more practical, 
however, t o  reduce the inequality Fi(ri) > ~ ~ ( s i n 4 ~ )  to the form 



5. 

where RiJ(@i) passes beyond the boundary for O(i,l and parallelwise to it at 
the range m-6/(mi + mj). 

3 
Analogously, if Pi is c ose to Pk, 

ri < Rik(qi)t qj* < jvil < (10) 

where Rik($i) passes beyond the boundary for O(ij)  m d  parallelwise to it at 
the range $&/(mi + mk) . 

tional boundary of the region of impossibility of body P- motion from the 
right-hand parts of (S),  (9), (10). 

Choosing for a given l~ i l  the greatest one, we may construct the uncondi- 

It exists for Q* < ?Oil <.~/2, where $* 

$* = m=(Qi*, qj*, ~ k * )  = $2*, Q~*). 

If we number the masses of the bodies by order of decrease: ml > % >  m3, 
will follow from the expressions for the angles @i* that 

it 

@* = arc sin finlm,[mlm2/ 2(ml + m,)h'C2] l/2 . 

Thus, the unconditional boundary of the region of impossibility of motion for 
each of the three bodies will exist, provided 

h'(? > prn:3rr+/2 (?R mz! (11) 

where ml , 

limit ourself to the simplest example. 
with equal masses 4 ~ *  = arc sin 1/3/2 213"38'. 
conditions, one may obtain from the plane motion a spatial one, for which the 
angle @* will little differ from the value brought out. 

are the two greatest masses. It is easy to construct examples, 

For the triangular Lagrange solution 
Changing little the initial 

in which % t e condition (11) is really fulfilled. For lack of space we shall 
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